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Abstract
Similar to the general class of metamaterials, compliant arrays (CAs) are engineered
from an array of subelements that combine to produce a response that is typically not
available from a flat panel made of a single material. As such, analysis and design of CA
systems requires the integration of both the material and geometrical properties of the array.
This paper proposes a convenient and efficient method of combining these essential elements
using analytically derived shape factors for bending modes. The approach is validated
experimentally, and used to demonstrate large regions of previously inaccessible property
combinations in material selection charts that become attainable using carefully design CAs.
Keywords: Shape factor, Bending, Material selection, Compliant, Stiffness, Metamaterials

1. Introduction
Compliant Arrays (CAs) are panels with geometry consisting of a fundamental unit that
is patterned in parallel and series to achieve target material properties, particularly out-ofplane bending stiffness. An example of a CA in acrylic is shown in Figure 1. Similar to
metamaterials, CAs create responses typically not achievable from a flat panel of a single
material. They can be potentially manufactured in micro, meso, or macro scales. Many
candidates for the fundamental unit of these arrays come from the field of Lamina Emergent
Mechanisms (LEMs). LEMs are mechanical devices fabricated from planar materials (laminae) with motion that emerges out of the fabrication plane [1]. CAs lend themselves towards
applications such as deployable or collapsible structures as they enable a larger elastic deformation in out-of-plane bending than is possible with a solid sheet for a given material.
Recent developments with the use of patterns similar to those investigated in this paper include an array for solar tracking [2], flexible lithium-ion batteries [3], an optical shutter [4],
the creation of super-conformable materials for applications such as flexible circuits [5], and
creating materials with extreme Poisson’s ratios [6, 7]. CAs can also be modified to create
∗
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Figure 1: An acrylic compliant array (CA), shown on the right, bending under its own weight with a
reference panel of same material, thickness, and area shown on the left.

thick-material approximations of curved-crease origami patterns used in origami-inspired
mechanisms and structures [8]. While the body of work investigating stiff and light panels is
extensive and ongoing through a variety of avenues [9–19], there is significantly less research
describing methods to create panels with a lower, yet selectable, stiffness to enable large
amounts of elastic deflection. Recent informative work by Ohshima et al. investigates the
analysis and design of slit-based materials [20], which can also be classified as a type of CA.
Isobe et al. also characterize motions of a kirigami pattern which could be considered a CA
[21].
Shape factors were developed to show the effect of a variable cross section for beams [22].
Also known as a shape transformer, a shape factor is defined as the ratio of a geometric
quantity for a specific cross section over the same geometric quantity of a reference cross
section [23, 24]. Shape factors can be used to compare properties of a component or structure
as a combination of geometry and material simultaneously. They provide a way to represent
the properties of a shaped component as a ‘new’material through modification of the material
properties. Comparison to other materials and geometries is then facilitated in the material
selection process. Elastic bending shape factors have been previously developed for a variety
of cross sections [25, 26], yet shape factors have not been developed to describe the impact
of panels with patterns that can be described by planar geometry, such as those found in
CAs. This research characterizes elastic bending shape factors and strength efficiency shape
factors associated with two types of CAs. These factors function as design guidelines in
selecting materials for applications requiring large magnitudes of elastic bending.
2. Background
2.1. Compliance
CAs rely on the fundamental principles of compliant mechanisms to function. Compliant
mechanisms “gain at least some of their mobility from the deflection of flexible members
rather than from movable joints only”[27]. Using compliant mechanisms to achieve the
lamina-emergent function has several advantages over using traditional mechanisms, including simplified manufacturing, reduced wear, and reduced part count. In many cases, a
2

lamina-emergent mechanism can have a part count of one, a quality retained by a CA. Because a CA consists of a single part, it can also be viewed as a modified material rather than
strictly a mechanism. For a CA to function, the array must be able to deflect without failing
by undergoing some combination of torsion and/or bending. As such, a fundamental unit
consisting of different members that bend or twist can be developed to be used in arrays.
Multiple individual units that can bend or deflect elastically to a certain displacement can
be arrayed in series to achieve the desired elastic range of motion.
2.2. CA Applications: Deployable Structures and Developable Surfaces
Because CAs can be designed to achieve a large elastic range of motion, they are good candidates to be incorporated into deployable structures. Deployable structures have been used
in space technology [28], portable shelters [29], microelectromechanical systems (MEMS)
[30], outdoor equipment, and furniture. They come in a variety of sizes, shapes, and materials. These structures are commonly composed of developable surfaces because of planar
manufacturing or storage requirements. While developable surfaces can be rigorously described by mathematics [31–33] and design guidelines for specific deployable applications
exist [34], limited investigation of guidelines for material selection for deployable mechanisms has been conducted. Characterizing the elastic bending and strength efficiency shape
factors of CAs provides material selection guidelines that can be incorporated into bending
applications and deployable structure design.
CAs are particularly suited for transitioning curved-fold origami into thicker materials to create mechanisms and structures. This is because curved-fold origami results in a
combination of curved surfaces joined by creases which Solomon [35] classifies as a general
developable surface. While much of the field of curved folding is unexplored, several recent papers have presented design guidelines utilizing principles from optics for the creation
of developable curved-fold designs [36–38]. The transition between paper-thin curved-fold
origami to thicker engineering materials presents a unique set of challenges, including the
high bending stresses introduced by the large possible curvatures of the surfaces. The majority of origami designs that have been transitioned to engineering materials fall into the
category of rigidly foldable [39] as seen in the self-folding design of Felton et al. [40], where
the panels do not flex or bend, thus facilitating physical construction. CAs can provide a
path to creating curved-fold designs in thick materials [8].
2.3. Shape Factors and Material Selection
The concept of dimensionless shape factors and how they can be incorporated into material selection was first investigated by Ashby [22]. These shape factors enable designers
to see the effect of shape on effective material properties. For example, an extruded aluminum I-beam can be considered a “new”material that is stiffer and stronger than a square
aluminum beam. Shape factors describe how the material properties, such as modulus and
yield strength, can be modified to achieve the effective properties of the “new”material.
This paper will examine two shape factors in particular. The elastic bending shape factor
for bending about a particular axis, φeB , is used to describe relative stiffness gain for a shape
3

as compared to a reference shape of the same area and material. This shape factor can be
expressed as [25]
S
(1)
So
where S is the stiffness of the shape and So is the stiffness of the reference shape. For
example, steel I-beams can have elastic bending shape factors ranging from approximately
1 to 65 [41]. This can be interpreted as the I-beam being a “new”material which has an
effective modulus that is 1 to 65 times as stiff as the modulus of the material for a square
beam of an equivalent cross-sectional area.
Another shape factor, the strength efficiency shape factor φfB , is a measure of how much
stronger a shape is in bending compared to a reference shape of the same area and material.
The strength efficiency shape factor is described [25] by
φeB =

φfB =

Mmax
Mo,max

(2)

where Mmax is the bending moment at failure of the shape and Mo,max is the bending moment
at failure of the reference shape. Similarly, an I-beam made of aluminum of cross-sectional
area, A, with a strength efficiency shape factor of 5 can be considered a “new”material with
an effective yield strength 5 times as large as the yield strength of a square aluminum beam
of the same cross-sectional area.
Shape factors have been characterized for many common cross-sectional shapes of beams
[25]. Elastic bending shape factors for solid cross sections of circles, squares, and other
regular polygons are typically close to one. Elongated, hollow, and I-shaped cross sections
can have elastic bending shape factors of 50 or more. It is rare to find real components
with shape factors above 65 due to manufacturing constraints and the onset of local buckling as the predominant failure mode [41]. The possible range of shape factors can also
vary significantly from material to material. Several methods exist to incorporate shape
factors into material selection processes. These include the method developed by Birmingham [42] to link material property charts with shape-efficiency charts, developing material
indices (measures of material performance in a specific engineering situation) with shape
factors included, and modifying material property charts by plotting a “new”material that
is possible with shape factors. [25] The application of material indices to facilitate material
selection has recently been introduced into the field origami-inspired structures, as seen in
the research by Tolman et al. [43]
3. Methods
3.1. Compliant Array Geometry
The geometry of CAs can vary greatly as CAs are formed by linking together multiple
units of a lamina emergent mechanism or multiple types of lamina emergent mechanisms. In
this study two particular CAs have been chosen to illustrate general methods for CA shape
factor analysis. These two CAs also demonstrate how a reduction in out-of-plane bending
4
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Figure 2: The Unidirectional CA geometry and parameters with a detailed fundamental unit and its corresponding spring model for bending across the y-axis.

stiffness can be achieved in particular directions determined by the geometry of the array.
The bending stiffness of an array about a particular axis, Karray,axis , will be defined such
that the angular rotation about the axis, Θ, is related to the moment applied across the
axis, M , by the equation
M = Karray,axis Θ

(3)

3.1.1. Unidirectional CA
The Unidirectional CA is formed with the Outside Lamina Emergent Torsion joint (Outside LET) [44] as the fundamental unit, as illustrated in Figure 2. This array maintains a
stiff bending axis, the x-axis, which can be nearly as stiff as a solid panel. It also enables a
compliant bending axis offset by 90 degrees from the stiff bending axis, the y-axis. Its name,
Unidirectional CA, is derived from this property of having one bending direction that sees a
marked decrease in stiffness. When a moment is applied about the flexible axis, the y-axis,
the four legs function as torsion bars. When a moment is applied about the stiff axis, the
x-axis, the fundamental unit’s four legs function as bending beams, which can retain much
of the original solid panel’s stiffness.
The stiffness of the Outside LET unit is characterized using a model similar to the torsion
spring model developed by Jacobsen et al. [45] The bending stiffness about the y-axis, ky ,
can be expressed using the geometry definitions of Figure 2 as
ky =

kb kt
kb + kt
5

(4)

or if kb is much greater than kt (at least two orders of magnitude)
ky = kt

if kb  kt

(5)

The spring constant of the torsion legs, kt , equivalent to a rectangular beam in torsion
[46], is expressed as
kt =

Gwt3



1
3



− 0.21 wt 1 −

t4
12w4



(6)
Lt
where t is the thickness of the sheet, w ≥ t, and G is the shear modulus. This symbolic
expression for the torsional stiffness of a rectangular beam where w ≥ t is an approximation
of the infinite series solution derived from elasticity theory [46, 47]. Comparisons of the
approximate equation solution to the series solution show error of less a half a percent [45].
The spring constant of the bending regions, kb , is given by
EI
bt3
with I =
(7)
Lb
12
where E is Young’s modulus. This stiffness is used to relate the moment applied to the joint
about the y-axis, M , and the resulting angular deflection of the joint about the y-axis, θ, as
kb =

M = ky θ

(8)

These definitions for the fundamental unit can be extended to the Unidirectional CA by
considering each fundamental unit as a torsion spring connected to the neighboring units
in parallel and series. By letting m be the number of units along the x-axis and n be the
number of units along the y-axis, the total stiffness of the Unidirectional CA across the
y-axis, Kuni,y , can be expressed as
n
ky
(9)
m
As explained in Equation 3, the total angular displacement of the array, Θ, is related to the
moment applied to the array about the compliant bending axis, M , by




Kuni,y =

M = Kuni,y Θ

(10)

In a similar manner, the rotational stiffness of the fundamental unit about the x-axis,
kx , can be expressed as


kx =



Ew w + 21 Lb t3
6 (4bw + 2wLt + Lb Lt )

(11)

where E is Young’s modulus. This expression was derived by accounting for each leg of
the fundamental unit as a spring in bending (as none of the legs act in torsion for loading
across the x-axis) and combining the legs together as springs in parallel and series to find
an expression for the total rotational stiffness for bending around the x-axis. The form for
6
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Figure 3: Bidirectional CA geometry and parameters with a detailed fundamental unit and its corresponding
spring model for bending across the y-axis.

the bending stiffness of each leg resembles Equation 7, with variation in the expression for
I and in the denominator of the stiffness expression for kb corresponding to the geometry of
each leg.
The total stiffness of the Unidirectional CA across the x-axis can be expressed as
m
kx
(12)
Kuni,x =
n
where once again m is the number of units along the y-axis and n is the number of units
along the x-axis.




3.1.2. Bidirectional CA
The Bidirectional CA uses a variation of the Outside LET joint as its fundamental unit
to provide a reduction in stiffness in two orthogonal directions as shown in Figure 3. Across
the compliant bending axis, the y-axis, the legs of the fundamental units function as torsion
bars while across the stiffer bending axis, the x-axis, they are placed in bending.
The bending stiffness of the fundamental unit about the y-axis, ky , for the Bidirectional
CA can be expressed as
ky =

kb kt
3kb + 2kt
7

(13)

or if kb is at least two orders of magnitude greater than kt
kt
if kb  kt
(14)
3
where kt and kb are described by Equation 6 and Equation 7. The middle portion of the
fundamental unit is considered to be rigid for bending about the y-axis as it is stiffer than
all other areas of the joint in this bending mode. Equation 8 describes the relationship of
the angular deflection of the unit, the bending stiffness of the unit, and the moment applied
to the unit.
The total stiffness of the Bidirectional CA across the y-axis, Kbi,y , can be expressed as
ky =

n
Kbi,y =
ky
(15)
m
where m represents the number of units along the x-axis and n represents the number of
units along the y-axis.
By modeling each leg of the joint as a spring, the expression for the bending stiffness of
the fundamental unit of the Bidirectional CA across the x-axis, kx , is








kx =

Ew w + 21 Lb t3
6 (2wb + 3Lt (Lb + 2w) + 2w (Lb + 2b))

(16)

where E is Young’s modulus. Similar to the way Equation 11 was derived, this expression
was found by considering each leg of the fundamental unit to be in bending, calculating the
bending stiffness of each leg as is shown in Equation 7, and then combining the stiffnesses
of all the legs together using rules for springs in parallel and series to find an equivalent
total stiffness for the fundamental unit. It should be noted that the middle portion of the
Bidirectional CA is not considered to be rigid for computing the stiffness across the x-axis
as it was for computing the stiffness across the y-axis. This is because the middle portion
is no longer much stiffer compared to the other areas of the joint. The total stiffness of the
Bidirectional CA across the x-axis, Kbi,x , can be expressed as
m
kx
(17)
Kbi,x =
n
Examples of the Unidirectional and Bidirectional arrays were created through laser cutting 0.292 cm (0.115 in) thick acrylic and 0.114 cm (0.045 in) thick steel. These are shown
in Figure 4.




3.2. Analytical Characterization of Bending Shape Factors and Strength Efficiency Factors
3.2.1. Bending Shape Factors
The shape factor and strength efficiency shape factor for the Unidirectional and Bidirectional CAs can be analytically determined for both the compliant and stiff bending axes.
Using the elastic bending shape factor definition from Equation 1, the elastic bending shape
factor for the Unidirectional array across the y-axis with a moment loading can be expressed
as
8

Figure 4: Examples of (a) Unidirectional CA in acrylic bending about its y (compliant) axis, (b) Bidirectional
CA in acrylic bending about its x (stiff) axis, and (c) Unidirection CA in steel bending about its y (compliant)
axis.

φeB =

Kuni,y
Sy
= EIo,y
So,y
L

(18)

o,y

where Io,y is the second moment of area for the cross section of the reference shape and is
expressed as
n (4b + 2Lt ) t3
(19)
12
and Lo,y is the length of the reference shape perpendicular to the bending axis and is expressed as
Io,y =

Lo,y = m (2w + 2Lb )

(20)

Typically, elastic bending shape factors are most useful when they are only a function of
geometry. To minimize the number of properties affecting the shape factor, Equations 4, 6,
7, 9 and
G=

E
2(1 + ν)

(21)

are combined. Note that Equation 21 is only valid for isotropic materials where G is the
shear modulus, E is Young’s modulus, and ν is Poisson’s ratio. Combining these equations
results in
φeB =

6bw(w+Lb )
(2b+Lt )



1
3

− 0.21

(1 + ν) bLt + 6Lb w



If kb  kt , then the equation simplifies to
9

1
3

 
t
w

− 0.21

1−

t4
12w4

 
t
w



1−

t4
12w4



(22)

φeB

1
t
t4
− 0.21
1−
3
w
12w4

6w (w + Lb )
=
(1 + ν) Lt (2b + Lt )

!!

(23)

By approximating ν by 0.3, which is common for metals and many isotropic materials [48],
this equation can be expressed as
φeB

4.615w (w + Lb )
=
Lt (2b + Lt )

1
t
t4
− 0.21
1−
3
w
12w4

!!

(24)

The elastic bending shape factor about the x-axis for the Unidirectional array can be
found in a similar manner as follows
φeB =

Sx
Kuni,x
= EIo,x
So,x
L

(25)

m (2w + 2Lb ) t3
12

(26)

o,x

where
Io,x =
and
Lo,x = n (4b + 2Lt )

(27)

Substitutions from Equations 11 and 12 allow the shape factor about the x-axis for the
Unidirectional array in bending to be written as a function of geometry as
φeB =

w (2w + Lb ) (2b + Lt )
(w + Lb ) (4bw + 2wLt + Lb Lt )

(28)

The procedure for finding the elastic bending shape factor for the Bidirectional array is
similar to that of the Unidirectional array. Similarly, elastic bending shape factors can be
written for both arrays when t ≥ w by swapping t and w in Eq. 6 during the derivation.
The elastic bending shape factors for both arrays are summarized in Table 1 for w ≥ t and
in Table 2 for t ≥ w.
3.2.2. Strength Efficiency Shape Factors
The strength efficiency shape factor as defined in Equation 2 can be found for a moment
load across the y-axis for the Unidirectional CA with the following procedure. Using standard mechanics equations, the maximum bending moment of the reference panel, Mo,max ,
can be expressed as
n (4b + 2Lt ) t3
σy Io,y
with Io,y =
(29)
Mo,max =
c
12
where c is the distance furthest from the neutral axis of the cross section of the panel and
σy is the yield stress of the material.
10

Table 1: Bending Shape Factors for CAs with w ≥ t.

Unidirectional CA
In general,
Bending about y-axis,



6bw(w+Lb )
(2b+Lt )

1
t
−0.21 w
3

(1+ν)bLt +6Lb w

φeB
if kb  kt

6w(w+Lb )
(1+ν)Lt (2b+Lt )

if ν = 0.3 and kb  kt

4.615w(w+Lb )
Lt (2b+Lt )







( )



1−

t
1
−0.21 w
3

( )



t4
12w4

1−

t4
12w4





− 0.21 wt 1 −



t4
12w4

− 0.21 wt 1 −

1
3

1
3



t4
12w4





w(2w+Lb )(2b+Lt )
(w+Lb )(4bw+2wLt +Lb Lt )

Bending about x-axis, φeB

Bidirectional CA
6bw(w+Lb )

(2b+Lt +Lb )

In general,
Bending about y-axis,



1
t
−0.21 w
3

(1+ν)bLt +4Lb w

φeB

( )



if kb  kt

6w(w+Lb )
(1+ν)Lt (2b+Lt +Lb )

if ν = 0.3 and kb  kt

4.615w(w+Lb )
Lt (2b+Lt +Lb )



1
t
−0.21 w
3
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1−

( )



1
3

1
3



t4
12w4

1−



t4
12w4





− 0.21 wt 1 −


− 0.21 wt 1 −

w(2w+Lb )(2b+Lt +Lb )
3(w+Lb )(6bw+2wLb +3Lt Lb +6Lt w)

Bending about x-axis, φeB



t4
12w4

t4
12w4





Table 2: Bending Shape Factors for CAs with t ≥ w.

Unidirectional CA
6bw3 (w+Lb )
(2b+Lt )

In general,
Bending about y-axis,



( )

(1+ν)bLt t2 +6Lb w3

φeB
if kb  kt

6w3 (w+Lb )
(1+ν)Lt t2 (2b+Lt )



if ν = 0.3 and kb  kt

4.615w3 (w+Lb )
Lt t2 (2b+Lt )

1
3





1
−0.21 w
3
t



1−

w4
12t4



1
−0.21 w
3
t

( )

1−



w4
12t4



w4
12t4

− 0.21 wt 1 −

1
3



− 0.21 wt 1 −



w4
12t4





w(2w+Lb )(2b+Lt )
(w+Lb )(4bw+2wLt +Lb Lt )

Bending about x-axis, φeB

Bidirectional CA
6bw3 (w+Lb )

(2b+Lt +Lb )

In general,
Bending about y-axis,



1
−0.21 w
3
t

(1+ν)bLt t2 +4Lb w3

φeB



if kb  kt

6w3 (w+Lb )
(1+ν)Lt t2 (2b+Lt +Lb )

if ν = 0.3 and kb  kt

4.615w3 (w+Lb )
Lt t2 (2b+Lt +Lb )



12

1−

1
−0.21 w
3
t



1
3

1
3

w4
12t4



( )

1−



w4
12t4





− 0.21 wt 1 −


− 0.21 wt 1 −

w(2w+Lb )(2b+Lt +Lb )
3(w+Lb )(6bw+2wLb +3Lt Lb +6Lt w)

Bending about x-axis, φeB



( )

w4
12t4

w4
12t4





The maximum moment of the Unidirectional CA about the y-axis, Mmax,y , is equal to the
maximum moment that one torsion bar of the fundamental unit can withstand before failure
multiplied by 2n, as the maximum moment of the entire array is divided into load paths
through 2n torsion bars. This reasoning holds only when using ductile materials. With
ductile materials the stress concentrations at the joints between the torsion and bending
regions of the fundamental units can be disregarded as localized strengthening occurs from
plastic strain. Thus for ductile materials the maximum moment the CA can withstand
before failure can be expressed as [49]
Mmax,y = 2nτ Q with Q =

8
3



 
w
2

wt
4

2

+ 1.8

 
t
2

(30)

where τ is the maximum shear stress of the material and w ≥ t. If a brittle material is used
to construct the CA, an appropriate stress concentration factor should be applied which will
in effect reduce the value of τ .
Substitution of Equations 29 and 30 into Equation 2 results in
φfB =

2nτ Q
σy Io,y
c

(31)

For this array c = 2t and the approximation of τ = 0.577σy [49] can be used to simplify the
equation to contain only geometric factors resulting in
φfB =

0.577nQt
Io,y

(32)

Further substitution for Io,y and Q and simplifying gives the following expression of the
strength efficiency shape factor for out-of-plane bending about the y-axis of the Unidirectional array where w ≥ t.
φfB =

1.154w2
(w + 0.6t) (2b + Lt )

(33)

The strength efficiency shape factor for bending about the x-axis with a moment load
for the Unidirectional array can similarly be found. The maximum moment of the reference
panel, Mo,max , can be expressed as
σy Io,x
m (2w + 2Lb ) t3
with Io,x =
(34)
c
12
where c is the distance furthest from the neutral axis of the cross section of the panel and σy
is the yield stress of the material. The maximum moment of the Unidirectional CA about
the x-axis, Mmax,x , is equal to 2m times the maximum moment which the bending bars
of the fundamental unit can withstand before failure when using ductile materials. Beam
mechanics equations can be used to express Mmax,x as
Mo,max =

13

Table 3: Strength Efficiency Shape Factors for CAs with w ≥ t.

Strength Efficiency about y-axis
Strength Efficiency about x-axis

(φfB )
(φfB )

Unidirectional

Bidirectional

1.154w2
(w+0.6t)(2b+Lt )
w
w+Lb

0.3846w2
(w+0.6t)(2b+Lt +Lb )
w
3(w+Lb )

Table 4: Strength Efficiency Shape Factors for CAs with t ≥ w.

Strength Efficiency about y-axis
Strength Efficiency about x-axis

(φfB )
(φfB )

Unidirectional

Bidirectional

1.154w2
(t+0.6w)(2b+Lt )
w
w+Lb

0.3846w2
(t+0.6w)(2b+Lt +Lb )
w
3(w+Lb )

2mσy Iu,x
wt3
Mmax,x =
with Iu,x =
(35)
cu
12
where σy is the yield stress of the material and cu is the distance furthest from the neutral axis
of the cross section of the bending portion of the fundamental unit. Substituting Equations
34 and 35 into Equation 2 results in
φfB =

2mIu,x c
Io,x cu

(36)

Making further substitutions for Iu,x and Io,x and noting that c = cu = 2t for the array, the
strength efficiency shape factor for the Unidirectional array with moment load about the
x-axis and w ≥ t can be expressed in geometrical parameters as
w
(37)
w + Lb
A similar procedure can be carried out to find the strength efficiency shape factors of the
Bidirectional array about the x and y axes. In addition, expressions for strength efficiency
factors for both arrays when t ≥ w can be found by swapping t and w in Eq. 30 during the
derivation. The results are summarized in Table 3 for w ≥ t and in Table 4 for t ≥ w.
φfB =

3.3. Experimental Verification
Physical testing of the Unidirectional CA for bending about the y-axis was conducted
to verify the method used to derive the shape factors described in this paper. Three unidirectional CA patterns were cut into 1.22 mm (0.048 in) thick stainless steel sheet using a
water jet and described by the number of fundamental units used in the array (mxn). Two
prototypes, the 2x2 array and the 3x2 array, had all geometry of a fundamental unit the
same (with small variation due to tolerances on the water jet). The third prototype was the
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Figure 5: Three stainless steel prototypes of the Unidirectional CA: left 2x2 array, middle 3x2 array, right
4x2 array.

largest array, a 4x2 array, with different geometry parameters than the first two prototypes.
These prototypes are shown in Figure 5.
A four-point bending test performed on a hydraulic tensile test machine (Instron Model
1321 with a 200 lb load cell) was used to approximate a constant moment loading of the CAs
across the y-axis. The rotational stiffness for each of the patterns, Kuni,y , was calculated
using the elastic portion of the force displacement data from each of the tests as described
next.
The moment imposed on the array by the four-point bending test, M4point , can be calculated as follows
P L1
(38)
2
where P is the measured applied force and L1 is the length between the outside roller and
closest middle roller, as shown in Figure 6.
The rotational deflection was calculated by assuming the stainless steel plate area without
the CA to be rigid. This assumption is only appropriate when the bending stiffness of the
CA is much less than that of the plate (a large shape factor), as is the case for each of the
three geometries used in the prototypes. With this assumption the rotational deflection of
the CA, Θ, can be computed from the measured linear deflection, δ, using the following
formula derived from the diagram in Figure 6.
M4point =

δ
L1
where L1 is the length between the outside roller and closest middle roller.
Θ = 2 sin−1
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(39)

Initial position

δ
Θ

L1

L1
L2

Figure 6: Four point bending test parameters.

Using Eqs. 38 and 39 and fitting a linear line to a plot of M4point and Θ gives the stiffness
of the array, Kuni,y .
The reference stiffness of a panel without the CA, So , is calculated by Eqs. 18, 19, and
20. The flexural modulus, E, used in this equation was obtained for this particular stainless
steel through a four-point bending test on a solid panel with the following equation derived
from deflection equations from the shear moment diagrams:
P L21 (2L1 + 3L2 )
(40)
E=
δ
12Is
where P is the measured applied force, L1 is the length between the outside and closest
middle roller, L2 is the distance between the two middle rollers, Is is the second moment of
area for the sample in bending, and δ is the measured deflection. The measured modulus
was E = 193 GPa (28.0 Mpsi).
The experimental bending shape factors can now be computed using Eq. 18. The experimental shape factors for each of the three CAs are shown in Table 5 along with the
analytically determined shape factors using the general shape factor equations from Table
1.
The strength efficiency shape factor was also measured experimentally for the three
arrays. The moment at failure, Mmax,y was estimated from the recorded force-deflection
plots by identifying the approximate force at yield and using Eq. 38. The maximum moment
of the reference panel was calculated using Eq. 29 where σy , the yield stress, was measured
from a four-point bend test on a solid panel using Eqs. 29 and 38. The measured yield stress
was 254 MPa (36.9 kpsi) for the stainless steel.
The experimental strength efficiency shape factors were computed using Eq. 2 for each
of the three CAs. These experimental strength efficiency factors are shown in Table 5
with the analytically determined shape factors computed from Table 3. The analytical and
experimental results agree reasonably well.
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Table 5: Comparing experimentally determined and analytical shape factors for stainless steel Unidirectional
CA prototypes.

Experimental
0.010

Analytical
0.014

3x2 array

Strength Efficiency about y-axis φfB
Bending about y-axis
φeB

0.049
0.011

0.055
0.013

4x2 array

Strength Efficiency about y-axis φfB
Bending about y-axis
φeB

0.051
0.008

0.055
0.010

Strength Efficiency about y-axis φfB

0.039

0.043

2x2 array

Bending about y-axis

φeB

4. Results and Discussion
4.1. CA Shape Factor Analysis
The elastic bending shape factors for the Unidirectional and Bidirectional arrays are
summarized by the geometric parameters in Table 1. The strength efficiency shape factors
are summarized for these two arrays in Table 3. Careful examination of the tables shows
that the elastic bending shape factors for bending about the y-axis for the Unidirectional
and Bidirectional CAs are nearly equivalent. The marked difference between the two arrays can be seen in bending about the x-axis where the Bidirectional CA contains a larger
denominator and thus smaller bending shape factor than the Unidirectional CA.
These shape factor expressions also show the independence of the shape factor from the
scale of the shape. Multiplying all the geometric parameters by a constant scaling factor
creates no variation in the expressions of the shape factors. Similarly, adding elements to
the array in parallel and series as described by m and n has no effect on the shape factor as
the shape of the fundamental unit remains the same. Only changing the ratio of geometric
parameters to each other, and consequently changing the shape of the fundamental unit,
causes the shape factor to change in value. This is seen in the results from the experimental
prototypes as shown in Table 5. The 2x2 and 3x2 arrays have nearly equivalent shape factors
with small variation due to manufacturing tolerances that effected the shape slightly. The
4x2 array has different ratios of the geometric parameters and thus a different shape of the
fundamental unit than the other prototypes. This differing shape is reflected in the change
in the shape factor value.
It should be noted, as a small I-beam and larger scaled I-beam may share the same shape
factor, the values of the stiffness and the load they can carry are not the same. Similarly,
a CA with a larger scaled fundamental unit will have a larger stiffness and load carrying
capacity than a CA with an equivalent shape factor on a smaller scale. The efficiency of the
shapes in modifying the stiffness and strength are the same. This relationship is clearly seen
in Equations 1 and 2 where the scale factors cancel out in the right side of the equations.
However, if the equations are rearranged to find the stiffness and strength of a shape at a
particular scale, the scale factor dictates the magnitude of the values.
17

A range of shape factor values for CAs made of metals and polymers were generated by
placing limits based on current manufacturing techniques and tolerances on the geometrical
parameters used to define the arrays.
Laser cutting was found to be one of the most effective manufacturing methods in achieving the largest range of limits for these types of arrays. The parameters were then varied
within these limits to establish a range of shape factors. In addition, a constraint was imposed to ensure the torsion bars would deflect in the intended torsion mode rather than
a bending mode. This constraint can be described as kb,uni > 2kt for the Unidirectional
array and kb,bi > 2kt for the Bidirectional array. In these constraints kt is described by
Eq. 6 and kb,uni and kb,bi are the bending stiffness corresponding to the torsion bars for the
Unidirectional array and Bidirectional array, respectively, and can be calculated for w ≥ t
as
kb,uni =

E (4b + 2Lt ) t3
12w

(41)

E (4b + 2Lt + 2Lb ) t3
(42)
12w
The constraints can also be formulated for t ≥ w by swapping t and w in the above
expressions and in Eq. 6.
An optimization routine was used to generate the extreme values for the shape factors
with geometry still in the manufacturable ranges and satisfying the model assumption constraint. Table 6 lists the imposed limits, constraint equation, and the resulting shape factor
values for a range of manufacturable arrays. It was seen that the length of the torsion
bar, Lt , played the most dramatic role in determining the reduction of stiffness in bending
about the y-axis. This was expected as Lt , most easily seen in the simplified shape factor
equations, appears as a squared term in the denominator of the elastic bending shape factor
expression about the y-axis whereas other parameters appear in a linear form. Similarly,
when considering the strength efficiency shape factor for bending about the y-axis it is expected and was found that the parameter w, the width of the torsion bar, has the most
dramatic impact in preserving bending strength.
Besides establishing the extreme values for the shape factors with a optimization routine,
Latin hypercube sampling [50] of the five geometric parameters of the arrays was used to
generate a visual depiction of the design space for both bending and strength efficiency
factors. This space is shown in Figure 7 for bending about both the y and x axes for the
Unidirectional array and in Figure 8 for the Bidirectional array.
These plots for the elastic bending shape factors and strength efficiency factors show
that while the stiffness in a particular bending direction can be decreased by using the
Unidirectional and Bidirectional arrays, the bending strength for that direction is also decreased. It also clear in the plots that the x-direction bending shape factor is smaller for the
Bidirectional array than the Unidirectional array.
kb,bi =
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Figure 7: Shape Factor Design Space for Unidirectional Array.
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Figure 8: Shape Factor Design Space for Bidirectional Array.
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Table 6: Range of manufacturable shape factors, geometrical parameter limits, and constraints for metals
and polymers.

Unidirectional Array Shape Factor Ranges
Geometric Parameters
Limits (m)
Constraint
Shape Factor Ranges
e
Lb
0.0003 to 0.01 kb,uni > 2kt φB about y-axis 1.26e-5 to 0.964
0.137 to 0.984
b
0.0015 to 0.01
φeB about x-axis
w
0.0015 to 0.01
φef about y-axis 0.0023 to 0.822
0.131 to 0.971
Lt
0.0003 to 0.05
φef about x-axis
t
0.0001 to 0.015
Bidirectional Array Shape Factor Ranges
Geometric Parameters
Limits (m)
Constraint
Shape Factor Ranges
e
Lb
0.0003 to 0.01
kb,bi > 2kt φB about y-axis 1.25e-5 to 0.9837
0.018 to 0.210
b
0.0015 to 0.01
φeB about x-axis
e
w
0.0015 to 0.01
φf about y-axis 6.83e-4 to 0.2710
Lt
0.0003 to 0.05
φef about x-axis
0.044 to 0.324
t
0.0001 to 0.015

4.2. Material Selection with CAs
The shape factors for the Unidirectional and Bidirectional CAs can be used in conjunction
with Ashby charts of material properties to understand how the CA geometry affects the
effective material properties of a component. Because CAs are generally employed to reduce
bending stiffness, charts which include stiffness on at least one axis are most applicable for
CA design. For example if a designer is concerned about mass and bending stiffness, the
chart of Young’s Modulus vs. Density can be used as shown in Figure 9. To see the effect of
the elastic bending shape factor for bending about the y-axis of the Unidirectional CA, the
chart can be modified by the corresponding shape factor and reference shape parameters.
This is accomplished by scaling the axis with Young’s modulus by the constant, LI00 , where
Io is the second moment of area of the reference shape about the bending axis and Lo is the
length of array perpendicular to the bending axis. By scaling this axis the chart now shows
o
, for each material on the chart plotted against the
the stiffness of the reference panel, EI
Lo
density of the material. The shape factor for elastic bending about the y-axis can now be
applied to the chart by taking any point of interest and multiplying the y coordinate, (the
stiffness of the reference panel), by the shape factor. The resulting point is the stiffness of the
CA made of the same material as the point of interest and with an equivalent cross-sectional
area as the reference panel.
Using this method, the material envelopes of the Ashby chart can be expanded to show
the effects of the shape factors on the effective material properties. The effects of the
shape factor for elastic bending about the y-axis for the Unidirectional array according to
the manufacturable range for metals and polymers are shown in Figure 10. It should be
noted that while these expanded envelopes are accurate for metals and polymers, they are
extrapolated to other types of materials, such as ceramics, where the ability to physically
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Figure 9: The Ashby chart of Young’s modulus vs. density.

manufacture the CA geometry needs to be considered before using the chart.
o
presents
While scaling the modulus axis of a material property chart by the constant EI
Lo
a straightforward representation of how the stiffness of a panel changes depending on the
material and shape factor, it can also be useful to think of the shape factor as representing
a “new”material with a modulus, φeB E. With this thought process a designer can look at
a material property chart such as that in Figure 9 and plot a “new”material with modulus
φeB E and the original density, ρ.
The same type of approach can be employed to show the effect of the strength efficiency
shape factor on the material property elastic yield strength for bending applications. The
elastic yield strength can be multiplied by the constant Ico , where Io is the second moment
of area of the reference shape about the bending axis and c is the farthest distance from
the neutral axis of the reference shape in bending. This scaling of the axis modifies the
chart to show the maximum bending moment carried by the reference shape plotted against
the density. The shape factor for strength efficiency can be applied in the same way as
with the elastic bending. In addition, the CA again can be considered a “new”material
with an effective yield strength of φfB σy in bending. The modified Ashby chart of elastic
yield strength plotted against density with the effects of the strength efficiency shape factors
of the manufacturable range for polymers and metals in bending about the y-axis for the
Unidirectional array is shown in Figure 11.
To maximize angular deflection of a panel, which is often the impetus for using a CA, a
designer is interested in maximizing the ratio of yield strength over bending stiffness. For
this case, the Ashby plot for yield strength vs. Young’s modulus is used. Figure 12 shows
how a single point on the chart can be moved about the material property space using
various geometries of the Unidirectional CA within the manufacturable range for polymers
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Stiffness: Young's modulus*I0/L0 (GPa*m3)
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Maximmum Moment: Yield strength (elastic limit)*I0/c (MPa*m3)

Figure 10: The Ashby chart of Young’s modulus vs. density modified to show bending stiffness about the
y-axis for a panel and effects of the shape factor for the Unidirectional CA.
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Figure 11: The Ashby chart of elastic yield strength vs. density modified to show the effect of the shape
factor on the maximum moment withstood in bending about the y-axis for the Unidirectional CA.
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Maximum Moment: Yield strength (elastic limit)*I0/c (MPa*m3)
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Figure 12: The Ashby chart of yield strength vs. Young’s modulus with modified axes and examples of how
single material property points can be moved about the chart as a consequence of using a Unidirectional
CA in bending about the y-axis.

and metals in bending about the y-axis. The possible area to where the point can be moved
in the material property space correlates with the possible shape factor space shown in
Figure 7.
Other material property charts, such as the electrical conductivity vs. modulus chart in
Figure 13, provide examples of how a reduction in stiffness by a CA can enable a designer to
access previously empty sections of the material property charts. The electrical conductivity
chart shows a trend where an increase in conductivity is accompanied by an increase in
modulus. Here if a designer desires a flexible panel which is still electrically conductive,
such as in a flexible circuit, a CA can be used to achieve this decrease in stiffness.
5. Conclusions
This work demonstrates how the notion of shape factors can be extended to flexible panels
characterized by planar geometries. It describes how the specific geometry of two CAs, the
Unidirectional and Bidirectional, can be captured in shape factors for elastic bending and
strength efficiency. These shape factors help to show the tradeoff between a reduction
in bending stiffness and a reduction in bending strength. Realistic ranges of these shape
factors were determined and plotted on several Ashby material property charts. These charts
show the previously inaccessible spaces which now can be accessed through the use of the
compliant array. The designer can use the CA to decouple properties which are commonly
linearly connected, such as electrical conductivity and stiffness. The expressions for the CA
shape factors in conjunction with Ashby material charts provide a succinct way for designers
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Young's modulus (GPa)
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Figure 13: The Ashby chart of Young’s modulus vs. qualitative electrical conductivity with the shaded region
showing shape factor effects on good conductor panels shaped as Unidirectional CAs placed in bending about
the y-axis.

to easily explore the benefits and drawbacks of using Unidirectional and Bidirectional CAs
for particular bending applications.
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